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o Classical Equation
where,

G+2v¢+w’q=0
g indicates time derivative

v is damping coefficient
w is oscillator frequency
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Classical Damped Harmonic Oscillator

@ Classical Equation
§+ 27§ +w’q=0
where,
g indicates time derivative
~ is damping coefficient
w is oscillator frequency
@ Solution

q(t) = goe "tcoswyt + <q° + m) e Vsinwgt
wd Wd

where, wy = \/w? — 2 and assume p, = mg, + Myq,
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Classical Damped Harmonic Oscillator

@ Classical Equation
§+274+w’q=0

where,

g indicates time derivative

~ is damping coefficient

w is oscillator frequency
@ Solution

q(t) = goe "tcoswyt + (qo + m) e Vsinwgt
Wd Wd

where, wy = \/w? — 2 and assume p, = mg, + Myq,
@ Quantum Average using Ehrenfest theorem

(o pla)

(@, t] gl t) = e [<a| §la) coswgt +
mwgy

Sinwy t]

where, |a, t) is coherent state

Kushagra Nigam (University of Kentucky) Quantum Physics February 17, 2016

3/17



@ General Non-Hermetian Hamiltonian

Ap = HA—if (4)
where,

A = At is Hamiltonian of undamped system

f=fTis damping part of Hamiltonian
[H,T]=0
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@ Time Evolution
in? |¢>

= fp [v)
where

= [Y,t+dt) = U(t, t +dt) [, t) = (1_

(5)
”Ddt) oty (6)
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U(t, t + dt) is non-unitary time evolution operator



@ Time Evolution
in? |¢>

= Hp |¢)
= |¢,t+dt) = U(t, t + dt) [y, t) = (1_
where

U(t, t + dt) is non-unitary time evolution operator
Similarly,

(5)
”Ddt) w.t) (6)

[, £) = O(t) |46, 0) = e~/ %" [),0) (7)
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o Consider a state of damped system

[, t=0) =" cnln)
n=0
> lenl? =1
n=0

where, |n) are energy eigen states of undamped Hamiltonian and
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Quantum Dynamics

o Consider a state of damped system
[, t=0)=) caln) (8)
n=0

where, |n) are energy eigen states of undamped Hamiltonian and

> lenl? =1
n=0
@ Non Unitary Time Evolution
N A
[, t) = U(t) [¢,0) = e

P 10,0) 9)
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Quantum Dynamics

o Consider a state of damped system
[, t=0)=) caln) (8)
n=0

where, |n) are energy eigen states of undamped Hamiltonian and

> lenl? =1
=0
@ Non Unitary Time Evolution
[, 8) = 0(t) [4,0) = [,0) 9)
= Z Cche” Fe i |n) (10)
n=0

o Time Depedent Norm!!

N(t) = (v, tl, ) Zlc 2e2 (11)
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@ Time Derivative of Norm

dN(t) a
hT =-2 W, t|r|¢, t)

«O> «F>r «=» «E» Q>

(12)



@ Time Derivative of Norm

V) _

dt

-2 W, t|f|w7 t)
o Operator Expectation Values

(12)
A\ <1/)7 t|AA|¢7 t>
<A>t - N(t)
= (9, t|Alg, )
where, |¢, t) = \'}%

(13)
(14)
«O> «F>r «=» «E» = Q>
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@ Evolution of Expectation Values

(@, t + dt| Ay, t + dt) = (i, t| U (dt)AU(dt) [, 1) (15)
— fhwzw,ﬂmﬁnw, )~ il {F.
where, [A, A] =

Able.t) (16)
[P} = FA AP
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Quantum Dynamics

@ Evolution of Expectation Values

(i), t + dt| A, t + dt)

d (¢, t| ALy, t)

= ih pm

= (1, t| 0T (dt)AU(dt) [, t)

= (w, t 1A, Al |, &) — i el T

where, [H,A] = HA — AH and {f,/ﬁ} = A+ Al

Abl,e)

But expectations have to be calculated using normalized states, hence

in SO tAI ) 1 Alg, 1) — 2in3,

dt

where, A% = (6, ¢ 3 {A.F}10,6) — (0, tl Alo, 1) (6,10, 1)
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where

d|¢, t)

= Ao, 1)

) are normalized kets

- I[r |¢a t> <¢a t|] |¢a

(18)
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@ For our case, we choose
where, N is number operator

(19)

it
a



@ For our case, we choose

= rw/\?
where, N is number operator
e Hence Hamiltonian for DHO

1
(§§+§)mm—ﬁw§§
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N

Ap =

(19)

(20)



Coherent States

@ For our case, we choose
[ =nmyN (19)

where, N is number operator
@ Hence Hamiltonian for DHO

. 1
Hp = <§T§ + 2) hwy — ihyd'a (20)

@ Coherent States

|, 0) = HZ:%\/H ) (21)
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Coherent States
@ For our case, we choose

[ =nmyN (19)

where, N is number operator
@ Hence Hamiltonian for DHO

Ap = <ATa + ) hwg — ihya'a (20)

@ Coherent States
oo an
a,0) = —|n 21
o.0) =3 i (21)

@ Non Unitary Time Evolution

o, 1) = 0(t) [0,0) = B |0,0) = 3 2 et ) (22)
n=0

NrT
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@ Time Depedent Norm

N(t) = (a, tla, t) = el®

2|e—2'yt
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o Position Expectation

q(t) = (a, t|Gla, t) = (o, t

(a + 4N |a, t)
= 1/—Re (ce™ 't‘*’d) et
mwqy
Note that, Re(a) = /%< qo

(25)
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Quantum to Classical Transition

o Position Expectation

q(t) = (a, t| §|a, t) = (a, t] a+a ) e, t)

— R —itwy Yyt 25
oo Fee (™) & (25)
Note that, Re(a) = /5% o
@ Momentum Expectation
N mwdh —§T
p(t) = {a el Blat) = (ot (255 )t

= \/2mwgh Im (ce™ ™) e (26)
Note that, Im(a) = ,/2midhpo
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@ Position Variance

h h —it2w, —itwg\\2] .—
(AG?) = s + . [|0¢|2 + Re(a?e™ M%) — 2 (Re(ae™ ™)) ] e 2t
h
2mwy (27)
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Quantum to Classical Transition

@ Position Variance

~ h h —it2w —itw, 2 —
(AG?) = P + oo [|a\2 + Re(a?e™ M%) — 2 (Re(ae™ ™)) } e 2t
h
2
2mwy (27)

@ Momentum Variance

h /i .
(Bp%) = 52 mwgh [Jaf? — Re(a?e2%) — 2 (Im(ae ™ ))"] &2

mwdh
. (28)
Therefore, |, t) form minimum uncertainty states.
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Quantum to Classical Transition

@ Position Variance

~ h h —it2w —itw, 2 —
(AG?) = P + oo [|a\2 + Re(a?e™ M%) — 2 (Re(ae™ ™)) } e 2t
h
2
2mwy (27)

@ Momentum Variance

h /i .
(Bp%) = 52 mwgh [Jaf? — Re(a?e2%) — 2 (Im(ae ™ ))"] &2

mwdh
. (28)
Therefore, |, t) form minimum uncertainty states.

@ Heisenberg's Uncertainty is Safel
2

i
(o, t| AR? |, t) (o, t| AP o, t) = T (29)
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@ Energy Expectation

2 —|a?|e™ 2t |a|2n —2~tn
St H o, t) = =1
(o, t| H o, t) = e E ol e 7

1
|:n + §:| hde
n,m=0
1
= |0¢|2e_2'7thwd + Eﬁu}d
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@ Energy Expectation

’y —|a?|e™ 2t - |a|2n —2~tn
K K =
(o, t| H o, t) = e E e v

1
|:n + —:| hwy
2
n,m=0
1
= |o|*e™* hwg + 5 hwg (30)
@ Position Evolution
. d{(§ ~ .
n 9 (14, q)) - 2ing (31)
dq(t) _ p(t)
= ) (32)
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Quantum to Classical Transition

@ Energy Expectation

R _ o0 2n 1
(ot A, 1) = el 3 LAz [”* 2] fivg
n,m=0 n

1
= |a?e™* " hwy + Emd

@ Position Evolution
. d(§ ~NA .
h% = ([A,4]) —2in2
dq(t p(t
(5) _ PO Yq(t)

dt m

@ Momentum Evolution
Cd(B) o
IFLT =([H.8]) — 2’A,zar
dp(t)

= e —q(t)mwy — vp(t)
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@ Position Evolution
dq(t) _ p(t)
@ Momentum Evolution

t
it = —4(t) (35)
dp(t
PO — _qtymed — (1) (36)
Differentiate (35) wrt time and use (36) to get,
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@ Position Evolution

dq(t) _ p(t)
R S R _ t
it = —4(t) (35)
e Momentum Evolution
dp(t
-7%l==—q07mWE—7pU)
Differentiate (35) wrt time and use (36) to get,

(36)

G +274 + q(ws +7°)
but, w?j + 42 = w?

(37)
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@ Position Evolution
da(t) _ p(t)

— t
it = —4(t) (35)
@ Momentum Evolution
dp(t
PO — _qtymed — (1) (36)

Differentiate (35) wrt time and use (36) to get,

G+ 294+ q(wi +7°) (37)
but, w?j + 42 = w?
Hence,

§+2v4+w?q=0 (38)'

v

R = T L



DHa

|
i
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o Strengths

@ Correct Classical limit
@ Correct v — 0 limit
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Strengths, Limitations and Challenges

@ Strengths

@ Correct Classical limit
@ Correct v — 0 limit

o Limitations

@ Loss of correspondence between Classical Hamiltons Equation and
Time evolution equation of operators
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Strengths, Limitations and Challenges

@ Strengths

@ Correct Classical limit
@ Correct v — 0 limit

o Limitations

@ Loss of correspondence between Classical Hamiltons Equation and
Time evolution equation of operators

o Challenges

@ Reservoir Coupling
@ Measure of Entropy
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